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ABSTRACT:

Cohomology is a general term for a sequence of abelian
groups defined from a cochain complex. That is, cohomology is
defined as the abstract study of cochains, cocycles and
coboundaries. Cohomology can be viewed as a method of
assigning algebraic invariants to a topological space that has a
more refined algebraic structure than the homology.
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Definition:

In mathematic specifically algebraic topology the cohomology ring
of a topological space X is ring formed the cohomology groups of X
together with the cup product serving as the ring multiplication.

Here cohomology is usually understood as singular cohnomology but
the ring structure is also present in other theories such as de
Rhamcohomology. It is also functorial for a continuous mapping of spaces
one obtains a ring homomorphism on cohomology rings which is contra
variant.

Specifically gives sequences of cohomology groups H" (X; R) on X
with coefficient in a commutative ring R one can define the cup product
which takes the form.

HC(X; R) X H'(X; R) —> H"'(X;R)

The cup product gives a multiplication on the direct sum of the
cohomology groups.

H(X: R) = KGEBN HK(X; R)

Definition:



A ring R is a graded ring if there are additive subgroups R".n>0
such that

i) R = Y, R" (direct sum of additive groups)
i)  R"R™c R™™ for all n, m>0 that is if x € R" and yeR", then
XyERn+m

Definition:

An element x in a graded ring R= £ R" has degree n if xeR" such
element are called homogeneous. A (tow sided) ideal | (or) a subring S is
called homogeneous if it is generated by homogeneous elements. =X
(INR")

Lemma:
If | is a homogeneous ideal in a graded ring R = XR" is graded ring
indeed
R/1=XR"I)/ (1)

Proof:
Given that if | is a homogeneous ideal
Toprovethat R/ 1=3 (R"™I)/ (I)

R=XR"

Since | is homogeneous 1=% (I N R")

As abelian groups R/I =XR"72(nR"
=% (R"/InR"
=% R"+1/1)

Also

R+ 1) /(). R™+1)/(I)  (R'R™+1)/(I) [~ because | is an ideal]
R'R™+1)/1c (R™™+1)/1
ARIT=Z (R™1) /(1)

Definition:

Let x be a space and let R be a commutative ring. If @ € S" (X, R)
and @ € S™(X, R), defined their cup product @ U 8 € S"™(X, R) by

(c®dUb) = (cln, d) (oum, 0) for every (n+m) simplex ¢ in X,
where right side is the product of two element in the Ring R of course, cup
product defines a function



S (X, R) XS (X,R) ——> S’ (X, R) defining
iU (Z¢j) =X U P
Where gi€ S' (X, R) is a graded ring under cup product

Lemma:

If X is a space and R is a commutative ring then S'(X, R)=% S" (X, R)
is graded ring under cup product

Proof:
To prove left distributivity
Toshowthatu (6+yY )=(@UB)+ (DUY)
When ¢ € S" (X, R)and 8, ¥ € S™ (X, R)
But if o is an (n + m) — simplex
(0,00 (6 + ¥)) =(04,0) (oum, 6 + )
= (02n,®) [(oum, ) + (opm, )
=(0,0U0)+(0o,dUY)
To prove that right distributivity
To show that (8 + Y)UP=(0O UD)+ (Y UOD)
(0, (0 + ¥)u @)= (oA, (0 + V) (oum, 0)
= [(04n ,0) + (040, P)] (oim, 6)
=(c,0UY) + (o,yY U0

To prove associativity
Let @ €S"(X,R), 8 € S" (X, R)and € S*(X, R)
If o is an (n + m + K) — simplex.
Then (0,8 U(8 U ¥)) = (0 @) (Gtmek Am, 0) (CUmskpii, P)
And (o, @UB)U YY) =(0AnmAn, D) (0Anm m,0) (olk )

These two products are equal



Definee € S° (X, R) by (x,e) =1 forall x € X

It is easy to see that e is an identity in S” (X, R)
Hence S™ (X, R) is a ring

S™ (X, R) is graded ring

Lemma:

If f: X — X"is continuous map
Then f* (@ U @) =7 (@) UF” ()
Moreover, if e € S° (X, R) is the unit ((x, ) = 1 for all x € X) and if
e' € S° (X', R) is defined by (x', e') = 1 for all X'e X, then f*(e") = e
Proof:
Assume that @ € SP (X', R)and 8 € S (X', R)
Now if o isa (p + q) _ simplex in X.
(0, f"(@uU b)) =(fo, (@ UH)
= (Fop0) (f o g, 6)
= (02, T70) (0 g, 17 6)
= (o, f'ouUf"0)
f@uo) =t (@ uf’ ()
if x € X, then (x, f*(e")) = (f(x), &) = 1
Lemma:
If @ € S° (X, R) and 8 € S° (X, R), then
5(@uUB) =56U0+(-1)PB U 6o
Proof:
Note that both sides have degreed=p+q+1
If o isa d—simplex
Then (o, 50 U 6 + (-1)°@ U & 6)
= (0Ap+1, 60) (0 Ug, 0) + (-1)° (oAp, B) (0ptqe, 66)



= (@ (04ps1), @) (oHq, 0) + (-1)° 54y, @) (o, 6)
= SP3 (1) (0 Apus €1, ©) (0kq . 0) + £120(-1) P (0Ap, B) (01qui€;.0)
0Ap+1€ p+1 = 0dp+1 Ap = 0Ap and OUq+1€ 0= O Ug+1llg= O Uq

If follows that terms P+1 of the first sum cancels terms O of the
second sum and so the two sums equal

P o(1) (0 Aps1 €5, 9) (0uq, 0) + TI11(-1) 7P (04, B) (0pqi;, 6)
On the other hand
(o,6(@0uUB)=(00,dUDBI)
=2o(-)' (0 &, 0 U0)
=2%0(-1)' (0 €ip, D) (0 Eig, 6)

=32 o(-1)'(0 €k B) (0 &, 0) +

Y p11(-1)'(0 €idp, B) (0 € pq,0)
Sinced-gq=p+1

iD=0 ('1)i (02p+1€i, @) (g, ) + Z?=P+1(':|-)i (04p, @) (Oq+1Eip, )

But the index of Sl_Jmmation in the second sum can be changedtoj=1i—p
giving Z]"Ll (-1Y"(02,,0) (opq+€j, 0) as desired.

Theorem:

For any commutative ring R, H'( ; R) = ¥pso H'(; R) is a contra
variant functorhTop Graded — Rings.

Proof:

Let Z (X,R)=xZ" (X, R)and
B"(X,R) =2 B (X,R)

If peZ” and BeZ? , then 6¢p = 0 = 56

And §(puUB) = SpUB + (=1 U 66 =0
Hence ¢ U 6 is a cocycles.

If follows that Z is a subring of S (X, R)

If ¢ €Z°and 6 € B



Then §¢ =0and 6 = §¥ for some ¥ € S¥* (X, R)

Hence pUB=¢pUSY == (6(@U ) —550U )
=+5(@ U )

So that ¢ U 6 is a Coboundary

Similarly, 6 U ¢ is coboundary

If follows that B is two sided homogeneous ideal in Z~

H (X;R)=Z" /B is agraded ring

That a continuous map f: X = Y Yields a ring homomorphism
F:H (Y;R)>H (X;R)

namely f cls@ = cls f '@

Definition:

The multiplication H™ (X; R) @ H™ (X; R) - H™ (X; R) is also
called cup product® and one defines

clspucls 8 =cls (@ U 0)
Theorem:

Cup product is the composite d"¢"r
S*(X, R) ® S*(X, R) = Hom (S+(X) ® S- (X), R) = S*(X x X, R) - S*(X, R)
Proof:

Let$,d"¢"p ® 6 =({dio, ¢ ®F)

=(¢do), ¢ ®0)

Now the Alexander — whitney formula gives
{(d o) = X3 (do) i ® (00) " tnsmi
Recall that (do)' = = doand (do) " =n do
Where 'and 7" are projection of X x X onto the first and second factors.

Since d: X - X x X is the diagonal however both 7 d and
m d equal the identity on X.

Hence {(d o) = X" 0 4 @ Ot



But ¢ @ 6 vanishes off S, (X) @ Sy, (X).
Sothat, ({(do), ¢ ®0O) =(chhQ@oum,pR0)
= (020 @) (0 pim.0)
=(o. ¢ U 0O).
Theorem: [Kunneth formula for conomology]

If x and y are space of finite type then there is a split short exact
sequence

05 Bij=n HA (V) 5H' (X X Y) > Bpigmnsn Tor (H(X), HY(Y))- 0
Where a' :cls@; ®clséj~ cls {* (0:® )

[Cis an Eilen berg—ziber chaing equivalence S« (X X Y) =S«(X) ®S«(Y)]
Proof:

Let X and Y have finite type lemma “if X is a space of finite type
then there exists a free chain complex C« of finite type such that C~ is
chain equivalent to S« (X) chain complexes.

C* And E* of finite type chain equivalent S« (X) and S- (Y)
respectively
The commutative diagram ' N

Hi (X) ® H; (Y) H™ (X x Y)

H (C) ® H (E.) H"( Hom (C+® E-, 2))

With vertical map is isomorphism
Apply universal coefficient theorem for chohomology.

Both Hom (C*, Z) and Hom (E*, Z) are free chain complexes
because C* and E* finite type.

Hence the proof
CONCLUSION:

To combine both the topology and the algebra, it has a



variety of possibilities. Universal coefficient theorem, kunneth formula,
de Rham cohomology, commutative diagrams are present with the

example.
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