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Abstract 

In any organisation retrenchment is necessary 

whenever number of employee are more than 

required and number of jobs are less than 

required.  Due to this unnecessary expenditure, 

the growth of the organisation will get affected 

and may lead to complete breakdown of the 

organisation. In order to avoid this situation, 

retrenchment have to be done by checking the job 

strength and staff strength randomly or 

periodically. An attempt has been made to study 

the problem of time to retrenchment for an 

organisation and the explicit expressions for 

expected time to retrenchment and variance of 

time to retrenchment have been derived for a 

single graded organisation. 
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strength, retrenchment, checking points, threshold. 
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I. INTRODUCTION 
In [3], the reason for retrenchment and effects of     

retrenchment are discussed. In [2], termination by 

retrenchment has been studied. Retrenchment 

models for single graded organisation is studied 

using two retrenchment policies namely univariate 

policy of retrenchment and bivariate policy of 

retrenchment. Assuming the staff strength and job 

strength as independent and identically distributed 

geometric random variables and inter-checking 

points as independent and identically distributed 

exponential random variables, the mean and 

variance of time to retrenchment are derived. 

II. Model 1: Retrenchment model for 

staff strength 

A.  Assumptions 

• Staff strength at any checking point is 

linear. 

• Staff strength and inter-checking 

points (time between i-1th and ith 

checking point) are statistically 

independent. 

UNIVARIATE POLICY OF 

RETRENCHMENT FOR STAFF STRENGTH: 

Retrenchment is done at the checking point 

whenever the staff strength is greater than the 

threshold (the staff strength required for the 

organisation to function)  

B.   Notations 
𝑖  : checking point for staff strength in an     

      organisation in [0,∞), i=1,2,... 

𝑈𝑖: independent and identically distributed 

(i.i.d)    

      exponential random variable representing    

       inter- checking point, i=1,2,...with 

parameter     

      (α > 0). 

𝑅𝑖   : waiting time upto ith checking point. 

𝑊: time for retrenchment in an organisation. 

𝑋𝑖 : independent and identically distributed 

geometric  
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     random variable representing staff strength in 

an  

      organisation i=1,2,... in the 𝑖𝑡ℎ checking point  

     with parameter (𝜃 > 0).          

𝑐1 : threshold for staff strength, c1 is a positive      

       constant 

( )A : indicator function of the event A. 

𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1: Event that the threshold for staff   

            strength lies between the staff strength at 

𝑖𝑡ℎ    

            checking point and 𝑖 + 1𝑡ℎchecking point. 

E(W) : Mean  time to retrenchment. 

E(W2): Second moment of time to retrenchment 

V(W): Variance of time to retrenchment 

V(W) = 𝐸[𝑊2] − [𝐸(𝑊)]2 

C. .Main Result 
For 𝑖 = 1, 𝑋1 is the staff strength in the 1st 

check. 𝑈1 is the time at which first check is 

made. If 𝑋1 is greater than 𝑐1 then go for 

retrenchment. If not then retrenchment is not 

done at first check. And retrenchment will be 

done when 𝑋𝑖 is greater than 𝑐1 in the any of 

the subsequent 𝑖𝑡ℎ check for staff strength. 

W=∑ 𝑅𝑖+1  
∞
𝑖=1 𝜒(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1 )                 

(1)  

Taking expectation on both sides of (1) and 

using the result in [1], we get 

E(W)=∑ 𝐸(𝑅𝑖+1  )
∞
𝑖=1 𝑃(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1 )      

(2) 

Since  𝑅𝑖+1 = ∑ 𝑈𝑗+1  
𝑖
𝑗=0  , from (2), we get 

E(W)=∑ ∑ 𝐸[𝑈𝑗+1 ]𝑃(𝑋𝑖 ≤ 𝑐1 <𝑖
𝑗=0

∞
𝑖=1

𝑋𝑖+1)(3) 

Since 𝑈𝑗  ’s are i.i.d exponential random 

variables 

𝐸[𝑈𝑗+1 ] = 𝐸[𝑈],   𝑗 = 0,1,2, …                       

(4) 

Using (4) in (3) 

E(W)=∑ ∑ 𝐸[ 𝑈]𝑖
𝑗=0

∞
𝑖=1 𝑃(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1)     

(5) 

E(W) = ∑ 𝐸[𝑈](𝑖 + 1)𝑃(𝑋𝑖 ≤ 𝑐1 <∞
𝑖=1

𝑋𝑖+1)(6)                

As 𝑃(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1)  = 𝑃(𝑋𝑖 ≤ 𝑐1)𝑃(𝑋𝑖+1 >

𝑐1) 

and on simplification, 

E(W) =
1

𝛼
∑  (𝑖 + 1) (𝜃̅𝑐1 − 𝜃̅2𝑐1)∞

𝑖=1                

(7)           

(7) gives mean time to retrenchment for this 

model. 

𝑊2 = [∑ 𝑅𝑖+1  
∞
𝑖=1 𝜒(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1 )]2         

(8) 

Since χ2(A) = χ(A),  (8) becomes 

𝑊2 = ∑ 𝑅𝑖+1  
2∞

𝑖=1  𝜒(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1)           

(9)               

Now  

E(𝑅𝑖+1
2) = V(Ri+1)+E2(Ri+1) 

               =V(∑ 𝑈𝑗+1  
𝑖
𝑗=0 )+ E2 (∑ 𝑈𝑗+1  

𝑖
𝑗=0 )   

Hence E(𝑅𝑖+1
2) =(i+1)V(U)+(i+1)2[E(U)]2 (10) 

By taking expectation on both sides of (9) and 

using (10) we get 

( ) ( ) ( ) ( ) ( )
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Using (7) and (11) we get the explicit 

expression for variance of time to 

retrenchment. 

III. Model 2: Retrenchment model for 

job       strength 

A.  Assumptions 

• Job strength at any checking point  is 

linear 

• Job strength and inter-checking 

points are statistically independent. 

UNIVARIATE POLICY OF RETRENCHMENT  

FOR JOB STRENGTH 

Retrenchment is done at the checking point 

whenever the job strength is lesser than the 

threshold (the job strength required for the 

organisation to function). 

B. Notations 
Notations are same as in section 1.1 except 

𝐽𝑖   : independent and identically distributed 

geometric random variable representing job 

strength in an organisation in the 𝑖𝑡ℎ checking 

point i=1, 2…… with parameter (𝛾 > 0). 

𝑐2    : threshold for job strength. 

         𝑐2 is a positive constant. 

(𝐽𝑖 ≥ 𝑐2 > 𝐽𝑖+1): Event that the threshold for 

job     

        strength lies between the job strength at 

𝑖𝑡ℎ  

        checking point and 𝑖 + 1𝑡ℎchecking 

point. 

C. Main Result 
For 𝑖 = 1 , let 𝑋1 be the job strength at the 1st  

check. 𝑈1 be the time at which first check is 

 made. If 𝐽1 is lesser than 𝑐2 then go for  

retrenchment. If not then retrenchment 

 is not done at first check. And retrenchment  

will be done when 𝐽𝑖 is lesser than 𝑐2 in the any 

of the subsequent 𝑖𝑡ℎ check for job strength. 

W = ∑ 𝑅𝑖+1  
∞
𝑖=1 𝜒(𝐽𝑖 ≥ 𝑐2 > 𝐽𝑖+1 )                

Taking expectation on both sides and using 

the result in [1], we get 

 E(W)  = ∑ 𝐸(𝑅𝑖+1  )
∞
𝑖=1 𝑃(𝐽𝑖 ≥ 𝑐2 > 𝐽𝑖+1 )  

Proceeding as in section 2.3 and on 

simplification 

E(W) = [
1

𝛼
∑ ( 𝑖 + 1)∞

𝑖=1 (𝛾̅𝑐2 − 𝛾̅2𝑐2)]           

(12) 

(12) gives mean time to retrenchment for this 

model. 

𝑊2 = [∑ 𝑅𝑖+1  
2∞

𝑖=1 𝜒(𝐽𝑖 ≥ 𝑐2 > 𝐽𝑖+1)]          

(13) 

Proceeding similar to section 2.3, 

𝐸[𝑊2] = [(
1

𝛼
)

2
∑ (i + 1)(𝛾̅𝑐2 − 𝛾̅2𝑐2)∞

𝑖=1 ] +

            [(
1

𝛼2) ∑ (𝑖 + 1)2(𝛾̅𝑐2 −∞
𝑖=1

𝛾̅2𝑐2)]         (14) 

Using (12) and (14) variance of time to 

retrenchment for this model can be obtained. 

IV. Model 3: Retrenchment model for 

staff and job strength 

A. Assumptions 

• Staff strength and job strength at any  

checking point is linear. 

• Staff strength, job strength and inter-

checking  

points are statistically independent. 

BIVARIATE POLICY OF RETRENCHMENT  

FOR STAFF STRENGTH AND JOB STRENGTH: 

Retrenchment is done at the checking point when 

the staff strength greater than the threshold for staff strength                   

as    well  as job strength lesser than the threshold for job strength. 
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B. Notations 
Same as in section 2.2 and section 3.2 

C. Main result 
If 𝑋1 is greater than 𝑐1  and 𝐽1  is lesser than 𝑐2 then 

go for retrenchment. If not then retrenchment is not 

done at the first check. And retrenchment will be 

done when 𝑋𝑖 is greater than 𝑐1 and 𝐽𝑖 is lesser than 

𝑐2 in the any of the subsequent  𝑖𝑡ℎ check for both 

staff and job strength.   

W=∑ 𝑅𝑖+1  𝜒(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1, 𝐽𝑖 ≥ 𝑐2 > 𝐽𝑖+1 ∞
𝑖=1 )  

(15) 

Taking expectation on both sides of (15) and 

since 𝑋𝑖 and 𝐽𝑖 are independent 
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(17) 

(17) gives mean time to retrenchment for this 

model 

𝑊2 =∑ 𝑅𝑖+1  
2∞

𝑖=1  𝜒(𝑋𝑖 ≤ 𝑐1 < 𝑋𝑖+1 , 𝑗𝑖 ≥ 𝑐2 >

𝑗𝑖+1)      

By taking expectation on both sides and on 

simplification we get, 
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(18) 

Using (17) and (18) we obtain the expression 

for variance of time to retrenchment for this 

model. 

V. Numerical illustration and 

conclusion 
The influence of parameters on the 

performance measure namely mean time to 

retrenchment is studied numerically. 

In the following table the performance 

measure is calculated by varying the 

parameters α and  𝜃 and keeping threshold 𝑐1 

fixed. 

Table 1: Effect of α and 𝜃 on performance 

measure E(W) in Model 1 (𝑐1 = 100) 

 

α 𝜃 E(W) 

 0.1 0.0090  48.192 

 0.1 0.0083 49.143 

 0.1 0.0076 49.773 

 0.2  0.0090 24.096 

0.2 0.0083 24.572 

0.2 0.0076 24.887 

0.3 0.0090 16.064 

0.3 0.0083 16.381 

0.3 0.0076 16.591 

 

 

From the above table we observe that as 𝜃 decreases, 

the mean time to retrenchment increases. 

In the following table the performance 

measure is calculated by varying the 

parameters α and 𝛾 and keeping threshold 𝑐2 

fixed. 

Table 2: Effect of α and 𝛾 on performance 

measure E(W) in  Model 2 (𝑐2 = 50) 
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    α  𝛾 E(W) 

 0.1 0.022 44.139 

 0.1 0.028 36.658 

 0.1 0.04 22.603 

 0.2  0.022 22.069 

0.2 0.028 18.329 

0.2 0.04 11.302 

0.3 0.022 14.713 

0.3 0.028 12.219 

0.3 0.04 7.5344 

 

From  table 2, we observe that as 𝛾 increases  the 

mean  time to retrenchment decrease. 

In the following table the performance 

measure is calculated by varying the 

parameters α , 𝜃and 𝛾 and keeping thresholds 

𝑐1and 𝑐2 fixed. 

 

Table 3: Effect of α, 𝜃 and 𝛾 on performance 

measure E(W) in Model 3  

(𝑐1 = 100 𝑎𝑛𝑑 𝑐2 = 50 ) 

    α  𝜃 𝛾 E(W) 

 0.1 0.0090 0.022 10.636 

 0.1 0.0083 0.028 9.0075 

 0.1 0.0076 0.04 5.6251 

 0.2  0.0090 0.022 5.3178 

0.2 0.0083 0.028 4.5038 

0.2 0.0076 0.04 2.8126 

0.3 0.0090 0.022 3.5452 

0.3 0.0083 0.028 3.0025 

0.3 0.0076 0.04 1.8750 

 

From table 3, we observe that as 𝜃 decreases and 𝛾 

increases, the mean time to retrenchment decreases. 

In all the three models, mean time to retrenchment 

decreases  as α increases. 
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